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# 1. (20 pts) Can the limit lim+ EEE’N’/’ |z|7*% (cos 1) dz exist? Find the limit if
E.

the answer is yes. Here N > 3, E, = {z = (z1,--,zy) € RV : |z] > €}, and

1/2
|z| = (Z 3:?) . Prove or disprove your answer.

# 2. (20 pts) Let H be a metric space composed of continuous functions on [0,1]
1
with the metric defined by d(f,g) = f if(z) — glz)|dz for f,g € H. Let

My={heH:|hli<1}, My = {feH:|flh<1}, My ={geH :
flglls < 1} and My = {u € H . [lullz > 1}, where ||f|l; = fé‘{%’f; |f(z)| and

llgllz = llgl +  sup lol=) — oly)|
syel oty 1T — Yl

(1) Can M, be open in H? (5 pts)
(2) Can M; be closed in H? (5 pts)
(3) Can M, be closed in H? (5 pts)
(4) Can Mj; be open in H? (5 pts)

Prove or disprove all your answers.

# 3. (20 pts) Let |jaf; = Z e lanl, |lallz = Z €" |an| and ||alls = sup |ay| for

a = {a,}2,, where ea.ch a, € R. Must || - [|J,j =1,2,3 be equwa]ent? Here

"Il - |l: is equivalent to || - ||s” means that there exists a positive constant
independent of a such that ||all; < Cla||x for i # k. Prove or disprove your
b,
answer.
# 4. (20 pts) Let qﬁ —» R be a continuous function. Must the following

/cpe%zm /¢e“¢dm

inequality hold? Prove or disprove your answer.
/ ¢ dz f e ?dx
3 -1

# 5. (20 pts) For p > 0, let S, = {(z,7) € R?: [z + [y = 1}.

(1) Must S, be a smooth curve for p = 2n,n € N (i.e. n is positive integer) ?
(10 pts)

(2) Must Sy/3 (i.e. p=1/2) be a smooth curve? (10 pts)

Prove or disprove all your answers.






