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Notation: R is the set ‘of real numbers. M,(R) is the set of n x n matrices with
entires in R and R” is n-dimensional column vectors over R. o

Problem 1 (20 pts). Let T : R* — R? be the linear transformation defined by

T(v) = A - v, where
1 =10 3
A=(-1 2 1 -1} € M3x4(R).

-1 1 0 -3

(1) Find the rank and the nullity of 7.
(2) Find bases of KerT and ImT".

Problem 2 (20 pts). Let -
-1 4 -2
A=1-2 b —-2}.
-1 2 0

(1) Find the eigenvalues of A. '
(2) Find an invertible matrix P € M3(R) such that P71AP is a diagonal matrix.

Problem 3 (20 pts). Let V = M3(R) be the 3-dimensional vector space over R given

by
T T
V:{(m; __‘;1) 1@1,$2,$3€R}.

01
T(B)=ABA™.
(1) Write down the matrix representation A of T' under the basis

1 0 01 00
0 —-1/°\0 0/°\1 0)("
(2) Find an invertible P € M3(R) such that P~1AP is the Jordan canonical form.
Problem 4 (20pts). Let A € Mn(R) such that A™ =0 but A" #0.
(1) Show that there exists v € R™ such that {v, Av, A%, ..., A"} is & basis of
R".
(2) If B € Ma(R) such that AB = BA, prove that
B=ag+a;A+agA%+: Ap_1 A™ !
for some ag, . .., an-1 € R.

Problem 5 (2D pts). Let A € M,(R) be the matrix

1 1 1 L
[ SRR SRR &
A=17 7 "
11 1 ., _1_
n ntl ni2 n—-1

Show that for any non-zero z € R", z*Az > 0.

PRAMAYE

CLet A ;k(l*ﬂ)“ ‘and define the linear ffansfé?ﬁﬁtidﬁ T:V->Vby — - T




