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(1) (20 pts) Find a Jordan form J of the upper triangular matrix

2 4 -8
0 0 4
0 -1 4

and find a matrix 7" such that 7-1AT = J.

(2) (20 pts) Let I, be the n xn identity matrix, v be a nx 1 vector and A = I,,+wo7,

(i) Show that A is invertible and det(A) = 1 + v"v where 7 is the transpose
of v.

(ii) Find an explicit formula of A™2,

(3) (20 pts) Let A be an p x ¢ matrix of rank o and B a r X s matrix of rank 8.

Let M = {C| C is a g X r matrix such that ACB = 0}
(i) Prove that M is a vector space.

(ii) Find the dimension of the vector space M.

(4) (20 pts) Let V be the vector space of 3 x 3 real matrices that are skew symmetric,
i.e. AT = —A (where AT is the transpose of A. Prove the expression

(A,B) = %TT(ABT)

defines a inner product on V, and exhibit an orthonormal basis of V with
respect to this inner product. Here T'r(ABT) is the trace of ABT.

(5) (20 pts) Let V be a vector space over C of dimension n, and let T : V' — V be
an invertible linear map such that 77! = T..

(i) Prove that T is diagonalizable.

(if) Denote by S the vector space of linear transformations from V to V that
commute with T'. Find a formula for dim(S) in terms of n and the trace of 7.
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