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R: real number; C: complex number; R™: n dimensional Euclidean space.
M,,: space of n x n matrices with entries in R ( MS: entries in C).

P..: vector {linear) space of real polynomials of degree less than or equal to n
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1. [20%)] Fixed a € R. Define a function F : P, — R**! by
f(z) = [f(a) fa) f'(a) -~ )T
a. Show that F is a linear transformation.
b. What is the condition for F to be a linear isomorphism? Determine the
polynomial F~1([ap a1 a2 -+ ag]T) when it is possible.
2. [20%) A € Mj3. Suppose u, v, w are linear independent vectors and
Au= v+ 2w

Av= utv+2w

Aw= -—u+v -{- w
Show that A is diagonalizable and determine the eigenbasis in term of u, v, w.

3. [20%) Determine the Jordan form of A and the corresponding Jordan basis.

0 0 0 —1]
100 4
A=
. 010 —6
001 4

4. [20%) Show that if A = [a;;] € M, is positive definite, then all diagonal elements a;;
are positive and . g%}éﬂ lai;] is on the diagonal. How about the converse statement?
5. [20%] For A € MS, we assume the fact that if A is normal (ie. Ad* = A*4,
where A* = A" is the adjoint of A) then A is unitarily diagonalizable. Suppose
AL, Ag, -+, A; are eigenvalues of A, where ); are distinct. Prove the following
statements:
a. If A is normal, there are P, Py, -+ P c MCE such that
A=MPi 4+ P+ 4+ 25
and for any polynomial functit;n f (t),
F(A) = fM)PL+ F(A2) P2 + -+ + f(Ax) Py
b. A is normal if and only if A* = p(A) for certain polynomial function p(t).
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